The possibility of observing solar-type oscillations on other stars is of great relevance to investigating the uncertain aspects of the stars' internal structure. One of these aspects is convective overshoot that takes place at the borders of the envelopes of stars of mass similar to, or lower than, the Sun. It a ects the temperature strati cation, mixing, rotation and magnetic-eld generation. Asteroseismology can provide an observational test for the studies of the structure of such overshoot regions.
INTRODUCTION
Convection and overshoot is a long-standing problem in stellar structure and evolution calculations. The di culty in advancing has in part been due to the lack of observational constraints that can test directly the proposed formulations for modelling convection and its e ects on the structure of a star. Convective overshoot, corresponding to a extension of convection into the stable regions, is known to occur at the borders of the convective envelope in the Sun, and is expected to be present also in other stars with convective regions. As for the Sun, asteroseismology may provide the tool necessary to study in some detail how convective overshoot a ects the structure of such transition layers in stars.
Determining global properties of stellar convective envelopes would test theories of convection more comprehensively than a single solar determination. In the context of mixing-length theory, for instance, the Sun provides very precise constraints on the value of the mixing-length parameter; but that particular value may have no relevance for modelling other stars. Moreover, information from other stars is important for testing new formulations for stellar convection, and provides an essential complement to numerical simulations.
Overshoot and the modelling of stellar structure and evolution
There is little doubt that convective overshoot, to some extent, occurs at the borders of convective regions in stars; in the solar case, this has been indicated by numerical simulations of convection. Overshoot beyond the stability boundary is also clearly seen at the surface of the Sun. Similarly, convective overshoot is likely from convective cores in mainsequence stars more massive than the Sun. Signi cant e ects on stellar evolution may result from overshoot both from convective cores (e.g. Maeder 1976; Herwig et al. 1997) and from convective envelopes (e.g. Alongi et al. 1991 ). Yet in most calculations of stellar evolution, overshoot is neglected. One of the reasons is the lack of a theory of convection which might predict the extent of the overshoot layer, as a function of stellar properties (for bounds on the extent, see Rox-burgh 1992) . Physical models for the overshoot (e.g. Shaviv & Salpeter 1973; Cogan 1975; Zahn 1991; Umezu 1995; Canuto 1997 ) provide estimates of the overshoot distance but themselves generally contain parameters which cannot be constrained from rst principles; also, the inclusion of such formulations in stellar evolution codes is still complicated. A simpler procedure, which has been used in several calculations, is to parametrize the extent of overshoot; very often, in analogy with the mixing-length parameter, the extent is taken to be a multiple of the pressure scale height at the convection-zone boundary. Constraints on this parameter, in the case of convective cores, have been obtained from comparison of models of open clusters or binary stars with observations (e.g. Andersen, Nordstr om & Clausen 1990; Kozhurina-Platais et al. 1997; Nordstr om, Andersen & Andersen 1997; Schr oder, Pols & Eggleton 1997) . However, it is of obvious interest to obtain more direct observational evidence about the properties and extent of the overshoot region, as may be possible from studies of the frequency signal considered here.
Seismic study of overshoot
Seismic studies of the base of the solar convective envelope have constrained the properties at that transition region (e.g. Basu, Antia & Narasimha 1994; Monteiro, ChristensenDalsgaard & Thompson 1994 -hereafter MCDT; Roxburgh & Vorontsov 1994; Christensen-Dalsgaard, Monteiro & Thompson 1995 -hereafter CDMT) , which is of relevance to mixing, rotation and magnetic activity (e.g. Monteiro, Christensen-Dalsgaard & Thompson 1998b, and references therein) . An important implication is that the overshoot layer is not nearly adiabatic strati ed, as in simple models: there is growing evidence that the e ect on the temperature strati cation is small in spite of an extended penetration region (e.g. Singh, Roxburgh & Chan 1995) .
The method used is to identify in the frequencies of oscillation a characteristic signature originating from the base of the convection zone. That signature, corresponding to a periodic signal as a function of the frequency, can be isolated in the observed values and used to constrain the structure of the transition layer at the base of the convective envelope. For more distant stars, and in contrast to the Sun, only modes of very low degree are expected to be observed. That restricts our seismic analysis to a small number of modes, and some degree-dependent information is lost. Even so, the major properties of the signal, namely its period and amplitude (see Section 3), can still be determined if the observations have su ciently low errors. The typical signal is a frequency modulation of order 0:1 Hz, which places very stringent limits on the detectability of the signal.
The modes of oscillation are characterized by their radial order n, which approximately corresponds to the number of nodes of the oscillation in the radial direction, and their degree l, which characterizes the horizontal wavelength of the oscillation. The properties of the oscillations, including the angular frequency ! nl , re ect the resonance cavity that supports each oscillation mode. For acoustic modes, such as are relevant for solar-like oscillations, this dependence is given to leading order by the asymptotic expression (Tassoul 1980) ! nl n + l 2 + 1 4 + ! ;
(1) (n; l) is due to the change of phase occurring at the upper re ecting boundary, just beneath the surface, and
where c is the local adiabatic sound speed, r the radial distance to the center, and R the photospheric radius of the star. The quantity t gives the total acoustic size of the star (the time an acoustic wave takes to go from the surface to the center of the star). Observation of oscillation frequencies in a star allows us to determine !, which depends on the stellar mass and radius according to ! / p M=R 3 . Given that the determination of mass and radius is extremely di cult, in general, the determination of ! would be an important constraint on the global properties of a star. However, the deviations from this asymptotic description of the frequencies contain important information about the internal structure of the star. That occurs, for example, when a star has a convective region, which a ects the frequencies of oscillation. It is this aspect which we address by determining the extent to which we can use the ner details in the frequency spectrum to measure the properties of convective envelopes in stars of mass similar to the solar value. Following the work of CDMT we rst establish the expression for the signal in the frequencies due to the transition region associated with the base of a convective envelope in these stars. Several models of di erent mass are then considered, some of these including overshoot, in order to determine the expected properties of the signal. We also address the changes of the signal with age. The detectability of the signal is discussed, in the light of the forthcoming programs for observing solar-like oscillations on other stars.
THE BASE OF A CONVECTIVE ENVELOPE

The derivative of the local sound speed
The adiabatic sound speed c plays a crucial role in determining the frequencies of a star's global p modes. At the edge of a convective region the change in the temperature gradient from being radiative to the adiabatic value causes a discontinuity in the second derivative of the sound speed. This is illustrated in Fig. 1 , which shows the run of the sound-speed derivative with acoustic depth for a zero-age solar model. The adiabatic sound speed, which is an indirect measure of the temperature T, is given by c 2 =?1p= /T, where p is pressure, is density, and adiabatic exponent ?1 (@ log p=@ log )s. This is why we can write the sound-speed derivative, with respect to acoustic depth (the sound travel time measured from the photosphere; R R r dr=c) in terms of the logarithmic temperature gradient r (d log T=d log p).
As shown by CDMT, near the base of the convective envelope for a solar-type star, we have that dc 2 d = d10 + d11 r?ra ra ;
c 1994 RAS, MNRAS 000, 000{000 Figure 1 . Derivative of the sound speed versus acoustic depth illustrating the sharp feature at the base of the convective envelope in zero-age main sequence stars of a solar mass. One model does not incorporate overshoot of any form (continuous line) while the other has an adiabatically strati ed overshoot layer of sizè ov=0:189Hp (dash-dotted line). Note also the small but relatively sharp bump at '400 s which arises from the second ionization of helium and the associated variation in ? 1 , as well as the strong variation in the core.
where (see Monteiro 1996 , for further details), d10 gc(?1?1) and d11 gc( ?1) :
Here, g is the gravitational acceleration, the ratio of the speci c heats, while rr and ra are the radiative and adiabatic gradients, respectively. The behaviour of dc=d in models with and without overshoot is illustrated in Fig. 1 . The only term in equation (3) that contributes to the derivative in the convection zone is d10. The change in the radiative interior occurs because r becomes rr, introducing the contribution from d11. This is the origin of the discontinuity in the second derivative of the sound speed in the standard method of modelling the base of the convection zone.
The gradient at the base of the convection zone of a solar-type star can be expressed, approximately, according to (see 
The value of 0 + , in both the convection zone and the over- From numerical simulations of convection (e.g. Singh et al. 1995) and from models of convective overshoot (e.g. Shaviv & Salpeter 1973 , Canuto 1997 ), we do not expect just a simple transition from ra in the envelope to rr in the interior, with the jump taking place at the Schwarzschild boundary (where ra=rr). The shape of the transition, as given by the function ft( ), can change drastically the derivatives of the sound speed, a ecting the response of the modes to this layer in the star.
Convective overshoot at the base of the envelope
A schematic description of the overshoot layer is presented in Fig. 2 where the two regions are shown: the region of near adiabatic strati cation (of size`a), and the region where radiation dominates (of size`t). The region between c and b , of size`a, corresponds to the stable region where convective energy transport is still very e cient. Below the point b we have a region of size`t where radiation dominates, but where weak overshooting still takes place (so mixing and magnetic-eld storage, for example, may occur). Numerical simulations of convection (Singh et al. 1995) and seismic studies of the overshoot layer indicate that the Sun may have a value of`t comparable to, if not larger than,`a.
We note that the method developed here can only measure the value of`a, and not`t. This aspect is pertinent when using seismic data to constrain models of overshoot. This is also the reason why we use here a simple, but extreme, model of overshoot for that region where the adiabatic strati cation is extended into the convectively stable region, with an eventual discontinuous jump of size D (rr?ra)r d in the temperature gradient to its radiative value. This produces a discontinuity in the rst derivative of the sound speed (and is equivalent to setting`t=0). Note that now we have a derivative of a discontinuous function (eq. 3). This is the origin of a larger, stronger signal since the frequencies are now perturbed by a much sharper transition at the base of the envelope.
THE SIGNAL IN THE FREQUENCIES
Expression for the signal
In order to describe how the frequencies are a ected by the transition layer located at the base of a convective envelope we consider a variational principle for the mode frequencies. This allows us to describe the sensitivity of the frequencies to sharp features in the internal structure of the star. Using this we can calculate how the frequency for each mode changes when a sharp transition, as the one occurring at the base of the envelope, is included. In this way it is possible to estimate the changes to the frequencies, as a perturbation ! added to the reference value !0 of a ctitious star which has the sharp feature smoothed out.
We have previously shown (MCDT; CDMT) how the edge of the convective region induces a contribution to this change that is a periodic function of the mode frequencies, regardless of whether there is convective overshoot or not; this periodic signal can be used to infer the properties of the boundary of the convection zone. Indeed, as shown above either the second or the rst derivative of the sound speed is discontinuous; therefore the modes always feel the base of the convection zone as a sharp feature, and so will carry the characteristic signature of such a layer.
In stars other than the Sun only very low-degree modes are expected to be observed, and hence we can neglect the dependence on degree in the vicinity of the convective boundary. In that case the displacement eigenfunction describing the amplitude of the oscillation can be approximately written as 
The sensitivity of each mode to a particular region of the interior is proportional to the squared amplitude of the eigenfunction at that location. This is the origin of the periodic component of the change in the frequencies for low-degree modes due to the transition region occurring at the base of a convective envelope (located at an acoustic depth of d ). It has the form (Monteiro 1996) 
Here A1 and A2 are amplitudes that depend weakly on frequency !: A1 is always present in general, but A2 will be non-zero only if there is overshoot, of the nature discussed above. Also, d d +a depends on acoustical depth d of the edge of the convection zone measured from the surface of the star. Note that from the period of the signal we may determine d , but not the actual acoustic size d of the envelope. A typical value of a , which is determined by the properties of the surface layers where the modes are re ected, is less than about 200 s (CDMT). The signal is illustrated in Fig. 3 , for four stellar models (with and without overshoot), using only modes with degree between 0 and 2.
The expected amplitude of the signal
The value of the amplitude provides a measure of the type of transition at the base of the convective envelope of the star, including the properties of the strati cation in the overshoot region. To facilitate the comparison between di erent stars, we consider the amplitude of the periodic signal evaluated at a ducial frequency! by de ning
For the present-age Sun, we choose!=2 =2500 Hz since this frequency is in the range where the signal from the base of the convection zone is clearest. We take this value and scale it for other stars (using just a standard homology scaling for frequencies) to nd ! 2 = 2500 Hz
According to CDMT and Monteiro (1996) 
Here all quantities, including the correction term c, are evaluated at the transition. This gives an estimate of the dependence of the amplitude A d on the properties of the transition. These estimates of the signal, which are computed from a stellar model, can be compared with the actual properties of the signal as determined from the global frequencies of the model. The amplitude of the signal re ects the possible presence of convective overshoot, through the contribution from A2, but is expected to change also due to changes in the internal structure of the star as it evolves.
Measuring the signal in the frequencies
From the p-mode frequencies of stellar models we can determine the amplitude and the period of the signal. We do so by tting to the frequencies the expression for the signal (eq. 9), obtaining the best values using a least-squares method for the parameters: A1; A2; d and 0 :
The tting procedure used is a simpli ed version of the method described by MCDT, without the degree-dependent terms. This method uses an iterative process in order to remove the slowly varying trend of the frequencies, leaving the required signature given in equation (9). A polynomial in n is tted to the frequencies of all modes of given degree l separately, using a regularised least-squares t (viz Tikhonov regularisation; e.g. Tikhonov 1963 ) with thirdderivative smoothing. The residuals to those ts are then tted for all degrees simultaneously with an expression of the form given by equation (9). The latter t is the \sig-nal" from the base of the convection zone. This procedure is then iterated: at each iteration we remove from the frequencies the previously tted signal and recalculate the smooth component of the frequencies. The iteration converges when there are no changes to the smooth component or the signal.
Here, we have considered modes with degree l 2, in a range of frequencies corresponding approximately to the modes observed in the Sun (with mode order n between about 10 and 30).
STELLAR MODELS
In order to nd the limits for the amplitude of the signal for models with di erent mass and amount of overshoot, we have computed several stellar models. The computations were essentially as described by Christensen-Dalsgaard (1982) , although with somewhat updated physics. In the evolution calculations, element di usion and settling were ignored. As discussed in Sec. 2.2, we represent overshoot through a simpli ed description of the temperature gradient, assumed to be extended nearly adiabatically beyond Table 1 . Characteristics of some of the ZAMS models considered in this work with mass from 0:85M up to 1:2M . The total acoustic radius t and the acoustic depth d of the transition in the temperature gradient are in seconds. The overshoot layer has been modelled as being (essentially) adiabatically strati ed and having a size`ov, here given in units of the local pressure scale height Hp. Also, D is the assumed discontinuity in r at the edge of the overshoot layer. the limit of convective instability, followed by an almost discontinuous jump to the radiative gradient. Referring to expressions (5) and (6), in our stellar models the simpli ed formulation for overshoot assumes that b d . The extent of overshoot is parametrized by the size D of the discontinuity in r, de ning the depth d of the edge of the overshoot region such that ra?rr=D at d ; in the overshoot region it is assumed that r=ra.
We rst consider several models on the zero-age main sequence (ZAMS), with masses between 0.85 and 1.2 solar masses, both without and with overshoot (the values for some of these are included in Table 1 ). For each value of the mass we have calculated 6 models with D between 0.0 (no overshoot) and 0.125 (`ov>0:2Hp). It might be noticed that the convective envelope occupies a larger acoustic fraction of the star for lower-mass stars. Near our upper mass limit, the models show a small convective core. As long as the core has a small acoustic size, the signal originating from its border does not a ect the analysis discussed here (cf. Monteiro et al. 1998a ; for more on the e ect of convective cores, see, e.g., Aurdard, Provost & Christensen-Dalsgaard 1995) .
From the expressions for the amplitude (eqs 10 and 12) we can determine the expected values; these are given in Table 2 . Several models of an evolved Sun, for di erent amounts of overshoot, have also been calculated in order to estimate how the properties of the signal in the frequencies change with evolution in the main-sequence. The evolved models are listed in Table 3 , together with their zero-age counterparts.
MEASURED PROPERTIES FROM THE SIGNAL IN THE FREQUENCIES
For all models considered (e.g. Table 1 ) we have calculated the frequencies for their linear adiabatic oscillations corresponding to acoustic modes of oscillation. Only very-lowdegree modes (l 2) have been considered, in a range of frequencies corresponding approximately to the modes observed in the Sun (suitably scaled according to p M=R 3 ).
We then use these frequencies to t the expression of the signal as described in Sec. 3.3. For each model we have obtained the set of four parameters which we can use here to establish the dependence of the signal on the properties of each star at the base of the convective envelope. Examples of the`signals' isolated in the frequencies of oscillations are shown in Fig. 3 .
The acoustic depth d is the parameter most easily measured in the frequencies because it simply gives the period of the signal. However, due to the contribution from a (see eq. 8), it does not provide a direct measurement of the acoustic size d of the envelope. This can be seen in Table 2 , where the systematic di erence between d and d is just an indication of the value of a for the models considered.
The amplitude of signal is a function of frequency (eq. 9), requiring care in the ts in order to isolate this signal from other contributions also present in the frequencies. The physical interpretation of the amplitude is provided by equations (10) and (12). In particular, the presence of overshoot as re ected in A2, with the present sharp transition as determined by the value of D, leads to an increased amplitude which is consequently easier to t (see also Fig 4a) . We note, however, that the behaviour would be di erent if the assumption of having an adiabatically strati ed overshoot layer followed by a sharp transition were relaxed (cf. CDMT). Therefore the results found for the overshoot models presented here must be taken as an upper limit for the amplitude of the signal.
Before proceeding, it is worth commenting why in what follows we generally discuss only A d and not the individual contributions from A1 and A2. For small observational errors, the recovered A1 and A2 are able to reproduce the expected behaviour (MCDT; Monteiro 1996) . Their individual values can be used to constrain the properties of the overshoot as indicated by equations (12). However, in the presence of large observational errors the frequency dependence is blurred (MCDT), coupling the two coe cients. Thus we instead consider A d in our discussion of the properties of the observed signal, since its value is much less a ected by the observational errors.
Dependence on stellar mass
To illustrate in more detail the dependence of the signal on stellar mass and overshoot, Table 2 lists the results obtained by tting the frequencies of the ZAMS models. The amplitudes and acoustic depths from the ts are shown in Fig. 4 . There is a clear increase of the measured amplitude for decreasing stellar mass. We also nd an increase of the measured acoustic depth with stellar mass which re ects the increase in total acoustic depth of the star (see Table 1 ) although the radial size of the envelope decreases for the more massive stars. Table 2 . Results obtained by interpolating values found from the t of the signal in the frequencies for all models considered (some are listed in Table 1 ). Acoustic depths Table 2 , as found from interpolating the values of the parameters from the t of equation (9) to the frequencies of the computed ZAMS models. The dashed line joins values for models with an overshoot layer of size`ov=0:2Hp, while the dotted line is for models with`ov=0:1Hp and the continuous line for`ov=0:0Hp.
E ect of convective overshoot on the amplitude
The amplitude of the signal inferred from the frequencies is smallest for models that have no convective overshoot. Any extension of the convection zone by overshooting will give a larger amplitude: the actual value depends on the type of strati cation imposed and extent of the overshoot layer. In our simple analysis this is reproduced quantitatively by the term A2 (eq. 12), which increases with the increase in the jump of the logarithmic temperature gradient as speci ed by D. It is evident that, for each mass, models with overshoot have a substantially larger amplitude. Thus we may hope to be able to discriminate between these cases if the mass of the star is known with su cient accuracy. Table 2 also lists amplitudes expected from the analytical expressions (eqs 10 and 12). In models with substantial overshoot, with`ov>0:1Hp, say, these are in reasonable agreement with the values obtained for the t. In models with little or no overshoot, on the other hand, there are substantial discrepancies; in particular, the expected amplitude initially decreases in the 1:2M model, when overshoot is introduced. A similar behaviour is shown in Fig. 5 . This was also found by CDMT in the solar case, as well as by Roxburgh & Vorontsov (1994) who put some emphasis on this behaviour. However, we stress that the tted amplitudes show no such behaviour: overshooting increases the amplitude of the signal obtained by tting the frequencies.
Changes with the aging of the star
To investigate the dependence on age, Table 3 shows results for a 1 M model at close to solar age (see also Fig. 5 ). The amplitude decreases with age; this must also be taken into account when testing the models against the observations. In particular, for the Sun we have, from (13) Thus the amplitude of the signal decreases by about 40% over this time-span. Part of the change (about 15%) is consistent with a simple homologous scaling (cf. eq. 11) for the frequency as the radius increases with age. The actual location of the base of the convection zone and the di erence between the derivative of the radiative and adiabatic gradients, which are the relevant quantities to determine the amplitude of the signal, are essentially a function on how the opacity depends locally on temperature and density. The remaining 25% is a non-homologous e ect due in part to the base of the convection zone moving in mass coordinates.
Detectability of the signal
The ratio of the amplitude of the periodic signal to the ducial frequency gives a feel for the accuracy with which we need the star's frequencies to be determined. Estimating the value of the amplitude from stellar models (Table 1) , and with the ducial frequency given by equation (11), we nd that the signal in the frequencies is typically a few parts in 10 5 .
The present observational uncertainties (!)=! for the Sun are below 10 ?6 . This indicates an estimated error for the determination of A d below 5%. A similar precision for other stars of this order of magnitude may be di cult. Nevertheless we expect to measure their very-low-degree modes with a precision of a few parts in 10 5 .
In order to determine how the observational uncer- (Table 3 ). These illustrate the change due to evolution from the zero age up to an age of 4:53 10 9 years. Fig. 6 , for di erent stellar masses and for cases without and with overshoot. It is evident that the stronger signal in the presence of overshoot reduces the sensitivity of the results to observational errors. In the present case, where only modes of very low degree are considered, the tting is very sensitive to the number of modes used for each value of l. Because the smoothing procedure of our method uses the third derivative (see Subsection 3.3), it imposes a lower limit of four modes for each value of the degree. Also, due to the fact that we are restricted to l 2, it is necessary to ensure that we have enough modes to resolve the oscillatory signal. Thus we need at least about six mode frequencies for each value of l if no observational uncertainties a ect the frequencies. However, the minimum number of modes needed to isolate the signal increases with increasing observational errors. For the error realizations we show in Fig. 6 we have considered about 60 mode frequencies. This number may be signi cantly lower (down to about 30) if the observational uncertainties are below 0:1 Hz.
DISCUSSION
A method to determine the properties of the base of the convective envelope in low-mass stars (0:85 M=M 1:2) using the frequencies of very-low-degree modes has been discussed. If enough modes (more than ten for each l value) for degrees up to l=2 are available then the signal in the frequencies can be measured if we have su ciently accurate observations, with (!)=2 0:1 Hz. The detectability of the signal improves signi cantly if more modes are added, and in particular if we can add modes of degree l=3 .
We have demonstrated what information regarding the properties of convective overshoot can be obtained from such an analysis. This, together with the determination of the acoustic size of the envelope, can provide additional constraints to test theories of convection and overshoot. In particular, it is highly desirable to con rm the behaviour found for the Sun, namely that the strati cation of the overshoot region is apparently nearly radiative, contrary to the initial predictions and current modelling of the e ect of overshoot in stellar evolution.
We have also investigated how aging a ects the properties of the signal, and found that this e ect must be taken into account when constraining the properties of stellar models. In particular, for the Sun the amplitude of the signal decreased by about 40% from the ZAMS to the present time. We note that the age of the star can be constrained from the observed value of the small frequency separation ! n l ? ! n?1 l+2 (e.g. Christensen-Dalsgaard 1984 , 1988 Ulrich 1986) .
Several space missions have been planned for observing solar-type oscillations in other stars: COROT (Baglin et al. 1998) , MOST (Matthews 1998 ) and MONS (Kjeldsen & Bedding 1998) . These are expected to provide data on a few stars with the accuracy required by our analysis. That allows us to hope that in the not too distant future we may have additional signi cant constraints for testing theories of convection and overshoot in stars.
